Abstract: Despite the increased use of laminated glass ͑two monolithic layers of glass joined with an elastomeric interlayer-usually PVB-to form a unit͒ as a cladding material for architectural glazing applications and by now as a structural material, the mechanical properties and the structural capabilities of PVB laminated glass are not well known. This paper presents an analytical model that predicts stress development and ultimate strength of laminated glass beams involving a multilayered system that allows displacements in the shear flexible interlayer. The model may be applied to laminates of arbitrary shape and size under prevailing uniaxial bending. No specific simplifying assumption is made in formulating the procedure, so the modeling inaccuracy is marginal, as proved by comparing theoretical model predictions with test results. The model was then used for assessing the safety and predicting the failure strength of laminated glass products available in the architectural glass marketplace, in order to identify the basis for rational design with glass-polymer laminates. The closed form of the model permits us to both explain the behavior of laminated glass, and correlate the structural performance with the geometrical and mechanical parameters.
Introduction
By now, glass has established its use as a structural material in civil engineering. While most of the earliest efforts aimed at designing steel-glass composite structures, in which glass plates were used only to transfer glass dead loads and live loads normal to the plate surface, today glass is frequently used as a real structural material by engineers. In particular, recent efforts were aimed at designing structures completely fabricated with glass, in which glass elements are used over substantial spans. Moreover, glass structures are currently used even in regions of the world where the protection from earthquakes or hurricanes plays a fundamental role in design.
Therefore, it is important to address strength, stability, durability, and safety requirements. Conversely, comprehensive characterizations of the response of glass units to loads along with reliable theoretical predictions have not been made, at least to the extent that definitive information is available in the open literature. In fact, the vast majority of the past investigative efforts in both glass material and glass mechanics have been geared towards addressing issues stemming from the use of glass as windows ͑insulating glass, safety glazing͒, doors, curtain walls, or vehicle windshields, or else containers ͑e.g., Reed and Fuller 1984; Vallabhan et al. 1985͒ , while a few of the past investigative efforts have been geared towards addressing issues stemming from the use of glass as structural material and civil structures.
Despite structural behavior, technological properties and proven construction details are less known than for any other building material, nevertheless glass now forms part of the structure ͑besides enclosure͒ in many contemporary buildings. As a result of this lack of knowledge, a significant number of glass structures that have failed in service, all over the world in the last years. Fortunately, these failures have caused few victims. Unfortunately, these failures have not been made public, and the failure news items have not circulated among the engineers' society. Consequently, the majority of structural engineers and architects undervalue the actual risk of glass structures.
Soda-Lime Silica Float Laminated Glass
Architectural applications of glass use soda-lime silica float glass. There are several types of ͑soda-lime silica͒ float glass available, that can be used individually, or in combinations, for various architectural applications. Each has its own specific properties and performance characteristics that can be related to the requirements established by the design community with regard to each application. Regarding the structural application of architectural glass, service conditions include localized loads. Due to inborn glass flaws, the localized loads tend to propagate fractures also at levels that induce very low nominal stresses. Consequently, even service loading may either split the glass structure into fragments free to fall down, or propagate the cracking up to the breakage of the whole structure. Such unexpected and unexplained-by common structural engineering-breakages are beyond the manufacturer's control.
To effectively warrant against glass breakage is unreasonable, and then comprehensive design protocol and standards for architectural glass have to include the occurrence of breakage, requiring adequate postbreakage behaviors, namely: ͑1͒ crack propagation must be limited; ͑2͒ glass element must remain integral when broken, so as the system embraces the resultant glass shards together and then the glass remains in the frame; and ͑3͒ the re-sidual strength must be sufficient to carry at least the dead loads. Laminated glass ͑LG͒ guarantees the three aforesaid performance specifications.
LG consists of two layers of glass and one thermoplastic ͑elastomeric͒ interlayer, permanently bonded together in an autoclave under high pressure and temperature.
Currently, the elastomeric interlayer is made of polyvinylbutyral ͑PVB͒. The PVB provides a variety of performance benefits in structural applications that the other options do not provide as bonding material ͑Billmajer 1962͒. In particular, two are the main advantages of PVB as an interlayer, further than clarity ͑i.e., PVB has the same transparency than glass͒, namely its ability to ͑1͒ support the glass when broken and hold the fragment of glass; and ͑2͒ dissipate a great amount of the elastic energy released by cracking, so limiting propagation of fracture. Some of the other advantages of PVB as an interlayer are superior adhesion to glass, toughness, stability on exposure to sunlight, and insensitivity to moisture. The thickness of the PVB interlayer is a multiple of 0.38 mm, up to 1.52 mm ͑only seldom is greater than 1.52͒.
Due to such properties, LG units have attributes in their ability to withstand even concentrated loads without being prone to unit collapse or dangerous shard formation, and to absorb energy released by cracking, so attenuating crack propagation. Hence, LG has structural advantages over monolithic glass with regard to impact resistance, mitigation of post-fracture glass fallout, and residual strength after breakage.
LG is also a multifunctional glazing material, since the resulting assemblage also has desirable nonstructural properties related to sound attenuation and ultraviolet radiation absorption. For those reasons, almost all the glass structures use LG.
Glass plies can be fabricated not only by simply annealed float glass, but also by heat-strengthened ͑float͒ glass or even fullytempered ͑float͒ glass for supplementary benefits, such as additional strength to wind loading and thermal stress, as well as increased resistance to impact and point support.
Background about Laminated Glass Modeling
Starting from Griffith ͑1920͒, researchers have investigated glass strength for most of the 20th century. However, research has focused mainly on monolithic glass, while fewer efforts were devoted to LG. More specifically, to date, experimental data on LG exist ͑Behr et al. 1985; Vallabhan et al. 1985; Vallabhan et al. 1987; Minor and Reznik 1990; Behr et al. 1993; Norville et al. 1993; Vallabhan et al. 1993; Norville 1997; Benninson et al. 1999͒ , while theoretical models are scarce. Moreover, existing theoretical analyses are restricted by additional simplifying assumptions. All descriptions of LG behavior appearing in the published works start from the intuitive evaluation that the actual structural behavior of the LG beam lies somewhere between two intuitive limiting cases: 1. The first is the so-called layered limit: Two plies of glass with no polymeric interlayer. This condition can be labeled as freely sliding plates of glass and the relevant modeling as layered equivalency. At this limit, the plates slide on each other without receiving any resistance from PVB. This limit represents the lower-bound model for LG behavior. In this description, the classical assumption that "planes remain plane" does not apply for the beam, whereas it can be established for each layered glass unit. 2. The second is the so-called monolithic limit: Monolithic glass having the same dimension, in particular, the same thickness as LG. This condition can be labeled as wellbonded plates of glass plus pieces of polymer and the relevant modeling as monolithic equivalency. This limit represents the upper-bound model for LG behavior. In order to establish a true upper-bound model of LG behavior, however, the effect of polymer interlayer thickness in separating the two glass plates must not be ignored. So, the equivalent monolith should be taken as one whose thickness equals the thickness of all the glass plates plus the thickness of all the polymer interlayers. In this description, the plane cross sections of the LG beam remain plane and normal to the neutral surface of the beam during bending. Specific attempts to determine to which limit the load-bearing capacity tends are the theoretical models of Norville et al. ͑1998͒ and Van Duser et al. ͑1999͒ .
The former one tries to explain the behavior of the LG beam and provides a straightforward treatise. However, any accurate mechanical description of the glass-PVB interface is not developed, and the horizontal shear force transferred between glass and PVB is characterized empirically through the "type factor" ͑sometimes called "strength factor"͒. The type factor ͑Nagalla et al. 1985͒ establishes a priori a ratio ͑percentage͒ between the maximum principal tensile stress reached by the equivalent monolithic system ͑i.e., at the upper limit͒, and that reached by the real PVB laminated system ͑i.e., by the actual LG beam͒. So, this model is semi-empirical.
The latter one provides a stress analysis of LG plate that consists of a three-dimensional finite-element model incorporating polymer viscoelasticity and large deformation. Contrary to the former one, the latter model contains all the elements required to address the complexities due to glass-PVB interface. Nevertheless, the vast difference between the behavior of PVB interface and glass plates makes analysis of LG by the finite element method difficult and the results uncertain.
The modeling of LG by finite elements, in particular by the standard finite-elements programs, is difficult also because of the small thickness of the laminates compared to the other dimensions ͑Ivanov 2006͒. The necessary degree of discretization in the direction of the thickness will dictate a high degree of discretization in the other directions and, therefore, too many solid elements are required for the laminated glass model and a great number of equations should be solved, which is difficult. This problem is particularly acute for sandwich plates with stiff skins and very light cores, as LG with PVB for which the ply-tointerlayer elastic moduli ratio can be as high as one million. In fact, the computer results, as well as the predictions of the numerical formulas, exhibit high sensitivity to the ply-to-interlayer moduli ratio E g / G PVB ͑Bažant and Beghini 2004͒.
Hence, there is a need to develop an analytical approach that recognizes and quantifies the ability of the PVB interlayer to transfer shear force between glass plies.
Beam Model for Architectural Glazing Applications
The beam model applies to many glazing products, since it may describe not only the one-dimensional elements, but also the twosided support plates, for which no fraction of load is carried in the not-supported span direction, and the plates with aspect ratios ͑i.e., the maximum in-plane dimension divided by the least inplane dimension͒ higher than 1.5, for which over 85% of the load is carried in the short span direction.
Thus, the beam model applies, further than to the beam, to the plate that bears loads transverse to its middle surface if it is twoside supported or has high aspect ratio.
It is important to note that, contrary to biaxial bending, uniaxial bending includes no more than marginal membrane stresses even at the large deformation.
Analytical Model
The model is devoted to LG beams subjected to uniaxial bending with flexural axis in the plane of the PVB interlayer. The analytical model predicts stress developments and ultimate strength of LG beams with a given geometry, glass modulus of elasticity E g , and PVB modulus of elasticity in shear G PVB . Strength-as defined in standards-relates to the appearance of the first crack in a glass ply and does not consider post-glass fracture load-bearing capabilities. In order to determine the ultimate load, thus, the model uses the design value of the glass tensile strength, f gd .
The model deals with the simply-supported LG beam over the span L ͑Fig. 1͒. The LG beam has a rectangular cross section, and consists of two glass plies, each having thickness t and width B, plus a PVB interlayer having thickness ␤ and width B. Therefore, the LG beam width is B, the overall LG beam height ͑depth͒ is 2t + ␤, while the total glass thickness is 2t. A uniformly distributed lateral pressure of magnitude p acts along the entire extrados surface B ϫ L of the beam. The model considers the loading of magnitude q = p ϫ B per unit length that acts along the entire length L ͑Fig. 1͒.
The positions along the span are identified by the axis x that coincides with the axis of the LG beam ͑Fig. 2͒. The roller at an end probes the membrane stresses. Consequently, stress development may not fall beyond the monolithic limit.
Assumptions of the Model
The model is based on the following assumptions:
• Plane cross sections in each glass ply that are perpendicular to the longitudinal axis of the glass ply before bending remain plane and normal to the longitudinal axis of the glass ply during bending. Conversely, not only plane cross sections in the whole LG, but also plane cross sections in the polymer interlayer, do not remain plane and normal to the longitudinal axis, since PVB is governed by the shear action ͑Fig. 3͒. • All soda-lime silica float glasses exhibit linear elastic stressstrain behavior to failure over the temperature and loading-rate ranges encompassing architectural applications. So, glass is modeled in a linear elastic manner, by means of Young's modulus E g . Usually E g = 70,000-72,000 N / mm 2 ͑and the Poisson ratio is 0.22͒.
• PVB behaves in a viscoelastic manner; however, it can be modeled in a linear elastic manner by means of the modulus of elasticity in shear G PVB , provided that G PVB is related to temperature and duration of loading ͑Dhaliwal and Hay 2002͒. To this objective, the graphic of Fig. 4 can be used ͑Benninson et al. 1999͒, where the value of G PVB could be gained once temperature and duration of loading is assumed. The hypothesis that the viscoelastic PVB is modeled as linear elastic, assuming a known temperature and duration of loading, may be highly constraining. On the other hand, a viscoelastic model of PVB would not lead to a closed-form solution of the problem, and above all would be hard to manage. Thus, the linear elastic assumption is the most viable means to model the PVB interlayer, yet provided that special care is taken in simplifying the PVB interlayer from a viscoelastic material to a linear elastic material. The main problem to solve in order to lead the PVB in the linear elastic framework stems from the more than two orders of magnitude difference between G PVB at 0 and 50 deg, or between G PVB for a short and a long loading. Due to such huge sensitivity, in fact, the lower G PVB , the greater the influence of G PVB on LG behavior. So, the use of Fig. 4 for predicting the response would be misleading, since the same divergence between actual and guessed value of G PVB would turn out in a lower or greater inaccuracy of the results, according to a greater or lower value of G PVB .
A major advantage of analytical models is that they provide the explicit relationships between the parameters involved. So, the relationships between the results and G PVB were identified by closed-form expressions, whose first derivatives consist of the sensitivity of the results with respect to G PVB . Based on such functions, G PVB was calibrated for predictive analyses ͑Table 1͒. More specifically, Table 1 provides the values of G PVB so as to guarantee the conservative requirements of glass codes for the whole loading conditions encompassing architectural applications. In order to simulate test results with precise loading conditions, conversely, Fig. 4 is preferred to Table 1. • The stresses in the PVB interlayer are negligible in comparison with the in the glass plies. In fact, the major structural function of the PVB interlayer consists of transferring some fraction of the horizontal shear force between the two glass plies ͑Fig. 5͒.
• The interlayer shear action is negligible in comparison with those in the glass plies. Although the stresses in the PVB interlayer are substantial, in fact, the thickness of the PVB interlayer is marginal with respect to the thickness of the glass ply ͓Fig. 3͑a͔͒.
Symmetrical and Antisymmetrical Conditions in the LG Beam
The structural behavior of the LG beam is symmetric with respect to the midspan, since components, loading, and reactions are symmetric ͑axis k-k of Fig. 2͒ . The structural behavior of both the whole LG beam and the solely PVB interlayer are antisymmetric with respect to the beam axis ͑axis x of Fig. 2͒ , since the end restraints and the transverse load q may be considered as applied at the level of the axis x.
The conditions of symmetry and antisymmetry support the following points: ͑P. I͒ The displacement of the midspan ͑axis k-k͒ parallel with the axis x ͑horizontal displacement͒ is zero. ͑P. II͒ The x-axis of the LG beam does not undergo any horizontal displacement. Consequently, the unit elongation in the x-direction is zero in the entire horizontal plane crossing the x-axis ͓Figs. 3͑b and c͒ and Fig. 5͔ . ͑P. III͒ The axial force in the polymeric interlayer is nil at any x, regardless of the assumption of neglecting the -stresses in the PVB ͓Fig. 5͑b͔͒. ͑P. IV͒ The two glass plies exhibit the same curvature through x ͑while they have distinct centers of curvature, since plane sections do not remain plane͒. Consequently, the two glass plies exhibit equal bending and shear layer actions, while the layer axial forces are equal in modulus and contrary in signus, due to the horizontal equilibrium. ͑P. V͒ Let i denote the horizontal shearing stress that the PVB interlayer transfers between glass plies through the interface ͓Fig. 5͑b͔͒. The interface shearing stresses i act antisymmetrically on, respectively, the upper and lower boundaries of the PVB interlayer, so inducing a substantial pure shear in the PVB ͓Figs. 3͑a͒, 4, and 5͑a͔͒. 
Layer Actions and Inner Edge Strain
The glass plies support the load-induced total bending moment ͑Fig. 6͒ through a combination of individual axial force in the glass ply N t ͑layer axial force͒ and bending moment in the glass ply M t ͑layer flexural action͒. Hence, one can view the strains in the cross section of the glass ply as having two components, one due to N t , denoted as N , and the other due to M t , denoted as M . Thus, the strain varies linearly in the cross section of the glass ply, but not with the distance from the middle fiber of the glass ply, due to N t .
Let us consider the upper edge of the bottom glass ply, i.e., the lower PVB-glass interface ͑axis z-z of Fig. 2͒ , and let us denote the horizontal displacement of such edge with respect to the LG beam axis ͓Fig. 5͑a͔͒. Since the latter does not translate ͑P. II͒, describes an absolute displacement. Let in denote the unit elongation in the x-direction at such edge ͑dilatations are positive͒. Let us consider the variation of in as we change of dx the position of the fiber along the interface ͑i.e., on axis z-z͒. Such variation of may be split into two distinct contributions -d in−M =−6dM t / ͑E g Bt 2 ͒ and d in−N = dN t / ͑E g Bt͒-the former from the differential of M t and the latter from the differential of N t ͑Fig. 6͒. Since dN t = i Bdx
Differential Equation of the Layer Internal Actions
The first spatial derivative d / dx corresponds to the strain in at the inner edge ͓Fig. 5͑a͔͒ as a result of the definition of . Differentiation with respect to x ͑that is supported by the continuity of with respect to x͒ gives the following differential equation:
Recognizing that the left-hand side term of Eq. ͑1͒ is also the right-hand side term of Eq. ͑2͒
The rotational equilibrium ͑the moments are taken about the pole Z͒ of an element of infinitesimal length dx at a distance x from the left end of the beam is depicted in Fig. 7 , where ͑q /2͒dxϭ fraction of external load acting on the infinitesimal element of glass ply. The actions are all positive in the conventional sense as shown
Recall the assumptions along with P. IV, the individual shear action in the glass ply V t ͑layer shear͒ may be derived from the total shear action V, at the abscissa x Fig. 6 . ͑a͒ Distribution of flexural strains through the thickness of the single glass ply. The strain ranges form the dilatation ex to in , which frequently is a contraction but may be a dilatation, if the actual behavior approaches the upper bound; ͑b͒ load-induced differential of the axial force and bending moment, from the left-hand to the right-hand section of an infinitesimal element; ͑c͒ differential of the strain induced by the differential of the represented internal actions.
Using the equilibrium equation V͑x͒ = qL /2−qx and the Eq. ͑5͒ in Eq. ͑4͒
Expressing Eq. ͑3͒ in terms of q, after some algebraic manipulations, the sliding of the interface can be described by the following differential equation:
͑7͒

Relationship between i and
The shearing strain in the PVB ͑␥ PVB ͒ at the abscissa x is constant through the entire thickness ␤ of the polymeric interlayer ͑Fig. 3͒, according to the pure shear condition ͑P. V͒. Consequently the relationship between and ␥ PVB ϭfollowing:
The shearing strain ␥ PVB for which the PVB exhibits a certain amount of inelasticity ͑at any rate small, being a polymer͒ and the PVB-glass interface exhibits a certain amount of slip ͑at any rate marginal, due to the high bond capacity of PVB͒ surpasses more than two orders of magnitude the ␥ PVB at which the layered system fails due to glass cracking ͑Benninson et al. 1999; Norville 1997; Nagalla et al. 1985; Sheridan et al. 1991͒ . Accordingly, the class of structures that fall within the scope of the present investigation do not exhibit any nonlinear behavior, whereas only increasingly sophisticated applications may cause the PVB to exceed the elastic limit ␥ pd . Thus 
͑10͒
Canonical Form
Since only and xϭvariables, the canonical form of Eq. ͑10͒ is
in which the constant ⌽, ⌿, and ⍀ are defined as
͑14͒
The inspection of Eq. ͑12͒ demonstrates readily that ⌽Ͼ0. According to ⌽'s signus, Eq. ͑11͒ can be easily integrated giving ͑x͒. The general solution is
A particular solution disregarding the boundary condition is
The integral of Eq. ͑11͒ is hence Eq. ͑15͒ plus Eq. ͑16͒
Note that ͱ 2 ⌽ is real. Eq. ͑17͒ solves the problem as soon as the two constant Q and R are determined, so that Eq. ͑17͒ respects the boundary conditions.
Boundary Conditions
The two boundary conditions of the problem are the following: 1. The restraints ͑roller and hinge͒ imply that the longitudinal strain is nil at x =0. 2. At the midspan ͑P. I͒ we have ͑L /2͒ =0. Imposing that the first derivative of Eq. ͑17͒ is nil for x = 0, according to the first boundary condition, and rearranging gives the constants as ͑recall that ⌽ 0͒
͑18͒
Imposing that Eq. ͑17͒ is nil for x = L / 2, according to the second boundary condition The boundary conditions thus provide a set of two linear equations for finding the two unknowns Q and R, which can so be readily obtained
Eqs. ͑20͒ and ͑21͒ solve the problem. Moreover, the inspection of the solution reveals readily if PVB respects the elastic limit ␥ PVB Յ␥ pd , as requested by the assumptions.
Safety Assessment and Ultimate Strength Prediction
The layer internal actions N t and M t are related to q and ͑Fig. 8͒
It is more expedient to use the compressed representation of M t obtainable rewriting Eq. ͑23͒ in terms of the layer bending action at the lower bound ͑freely sliding plates͒, M t0
plus the deviation with respect to the condition of freely sliding plates. In so doing
Whatever the geometry and characteristics of the materials, the maximum tension stress in the cross section of the LG beam occurs at the lower edge of the bottom glass ply. Such tension stress, denoted as ex ͑x͒, can be derived by Eq. ͑22͒ and Eq. ͑25͒
The right-hand side of Eq. ͑26͒ splits the stress in two terms, stemming the former from the condition of freely sliding plates of glass, the latter from the -transfer at the glass-PVB interface, and is due to the ability of the PVB interlayer to transfer shear force between glass plies, where the latter is subtracted to the former.
The first failure event exhibited by LG subjected to an increasing loading is glass cracking. At the same time, PVB behaves in an elastic manner as previously explained. According to almost all building codes throughout Europe and the United States, such a failure event dictates the load-bearing capacity of LG, independently on postbreakage behavior. Thus, the ultimate loading of
LGϭload level for which, at any abscissa, the maximum tension stress in the glass plies equals the glass tensile strength f gd . Consequently, Eq. ͑26͒ measures the structural demand of the beam section at x.
As a result, the structural safety of a LG beam is measured by comparing the tensile stress ex ͑demand͒ with f gd ͑capacity͒, i.e., checking the following relationship:
Equivalent Glass Tensile Strength
Let us define the equivalent glass tensile strength f gd Ј as
Contrary to f gb , f gd Ј depends on x, according to the -transfer at the interface. Eq. ͑27͒ can so be rewritten in the form
In sum, the safety of the LG beam can be assessed by considering: 1. The tension stress at the lower edge of the bottom glass ply from the condition of freely sliding glass plates ex−f , given by, ͑6M t0 ͑x͒͒ / ͑Bt 2 ͒, where M t0 is given by Eq. ͑24͒; 2. The equivalent tensile strength f gd Ј at the same x, defined by Eq. ͑28͒. Accordingly, the LG beam carries the load q if and only if
Ultimate Strength
This research has demonstrated that, over geometry, temperature, and loading-rate ranges encompassing architectural applications, the maximum of ex ͑x͒ occurs at the midspan ͑x = L /2͒. The discovery means that the price due to the increment of the total moment from the edge ͑x =0͒ to the midspan ͑x = L /2͒ surpasses the structural advantages due to the -transfer from the edge to the midspan. Such findings imply that the midspan stress at the lower edge of the bottom glass ply, herein defined ex ͑L /2͒, synthesizes the structural demand of LG simply supported beam. Accordingly, let us denote ex−f ͑L /2͒ the midspan stress at the lower edge of the bottom glass ply in the condition of freely sliding glass plates ͑i.e., at the lower bound͒. The ultimate load is hence the load q for which ex equates f gd
Both the left-side and the right-side terms depend on the load q, hence Eq. ͑31͒ is the failure prediction model.
Verification of the Theoretical Model
The proposed model was applied to a series of two-sided support LG plates tested at the Glass Research and Testing Laboratory at Texas Tech University ͑Sheridan et al. 1991; Behr et al. 1993͒ . The tests involved three specimens of LG beams ͑two-supported square plate͒, comprising a 0.76 mm PVB interlayer between two plies of annealed lami glass. The total glass thickness of the specimen was 5.38 mm. The clear span of each beam was 508 mm, and the width of each beam was 508 mm. A uniformly distributed lateral pressure of magnitude p was applied along the entire extrados surface of the beam. The test setup matches up with the reference structure of the analytical model, so Fig. 1 provides as well a schematic illustration of the test setup and above all, the present model can be applied to these tests. Loading was applied to the beam in increments of 0.70 kPa from 0 to 2.80 kPa, and each increment was applied in a linear manner in about 15 s ͑held constant for 6 s͒. Tests were performed with specimens at 0°C, 23°C, and 49°C. Strain gages were applied at the midspan, and ex was measured under the pressure of 1.40 kPa and 2.80 kPa.
The data of the model are: L = 508 mm, t = 2.69 mm, ␤ = 0.76 mm, B = 508 mm, E g = 71,000 N / mm 2 , q = p ϫ B = 0.0028 ϫ 508= 1.4224 N / mm ͑loading rate =0.0237 N / mm/ s͒, along with the three test temperatures. The comparison of the test results and the proposed model results is presented in Table 2 . Further than the last loading step, the middle loading step is considered in the comparison of Table 2 , to check the linearity.
The comparisons between the model predictions and the corresponding test results exhibit deviations less than 6%. Hence, the theoretical model proposed here correlates well with experimentally obtained stresses of LG beams.
Provided that G PVB is adequately quantified, thus, the theoretical model can be used to compute the stress response and the ultimate strength of LG beams.
Analysis of Commercial-Scale LG Beams
The research carried out a wide-ranging analysis, whose purpose was to gain implications for rational design on LG beams. The main results of the analysis are exemplified by the following three cases ͑Table 3͒.
The first structure-Case A-is a rectangular two-sided support plate that bears a uniform pressure loading p acting transverse to the middle surface of the plate. The rectangular dimensions of the analyzed plate are L = 3,000 mmϫ B = 1,500 mm. The thickness of each glass ply is t = 12 mm, so the overall laminated depth is 12+ ␤ + 12 mm. Design value of the glass tensile strength is f gd = 19.0 N / mm 2 . The second structure-Case B-is a LG beam whose glass ply has t = 8 mm and B = 610 mm. The beam is simply supported over a span of 5,200 mm, and is subjected to a uniformly distributed load acting transverse to the larger lateral surface of the beam. Accordingly, the height ͑overall depth͒ of the LG beam is 8+␤ + 8 mm and the width is B = 610 mm. The design value of tensile strength is f gd = 48.0 N / mm 2 . The third structure-Case C-is a LG secondary element whose glass ply has t = 4 mm and B = 250 mm. The element is simply supported over a span of 1,800 mm and is subjected to a uniformly distributed load acting transverse to the larger lateral surface. The height of the LG beam is 4 + ␤ + 4 mm and the width is 250 mm. The design value of tensile strength is f gd = 40.0 N / mm 2 . Table 3 reports the main results for the three cases; Figs. 9-15 show the distribution from the edge ͑x =0͒ to the midspan ͑x = L /2͒ of the representative normal tension stresses acting on the fibers at the lower edge of the bottom glass ply, along with the The comparison between f gd Ј and ex−f represents graphically the disequation ͑29͒. If and only if the curve describing the latter function lets down the curve describing the former, the LG beam bears the loading. If the two curves are tangent at the midspan, the acting load corresponds to q ud . The area contained into the curves ex ͑x͒ and ex−f ͑x͒ represents the benefit provided by the polymeric bonding of the glass plies. The closer ex is to ex−f , correspondingly, the lesser the horizontal shear force at the glass-PVB interface, and vice versa. The area contained into the curve ex ͑x͒ and ex−m ͑x͒ represents conversely the price of the lamination rather than monolithicity. The closer ex is to ex−m , correspondingly, the more effective the composite action.
If ex−f surpasses f gd Ј for a certain length around the midspan, the beam does not survive the loading. The entire length where ex−f Ͼ f gd Ј is liable to crack, but-aside from dishomogeneous distribution of the flaws-cracking develops at the midspan.
Since f gd
around the midspan, such length of beam does not fracture-and the beam survives the loading-only because of the -transfer at the glass-PVB interface. If ex−m Ͼ f gd even for a small length, conversely, the beam does not survive the loading whatever the -transfer ͑aside from the membrane stresses, that, however, cannot be guaranteed͒.
One of the main outcomes of the analysis is the comparison of the actual failure load with the two limit failure loads. Specifically ͑Table 3͒, the ultimate load of the LG beam, q ud , is compared to both the ultimate loads obtained, respectively, from the layered equivalency model ͑lower bound͒, q f , and the monolithic equivalency model ͑upper bound͒, q m . Clearly, the closer q ud is to q m and conversely the more far from q f , the more effective the composite action of the bonding interlayer, and vice versa.
When ␤ is low ͑no more than 0.76 mm͒ and G PVB is high ͑no less than 5 N / mm 2 ͒, the stiffness of PVB is sufficiently high in order that the polymeric interlayer is fully effective in promoting composite action. When ␤ is high and G PVB is low-this condition includes the vast majority of the practical cases-the stiffness of PVB is moderate or even modest, and the polymeric interlayer is only partially effective in promoting composite action. In such cases, however, PVB is still effective in causing LG to act in a strengthened manner over layered glass, apart from fire exposure.
The actual degree of the composite action ͑i.e., the effectiveness of the actual -transfer with respect to the two bound -transfers͒ is measured also ͑Table 3͒ by the midspan stress at the upper edge of the bottom glass ply, in . The closer in is to ex in modulus ͑while usually they are opposite in signus͒, the lesser the composite action, and vice versa.
The following points synthesize the main results of the whole analysis:
• The results substantiate that glass is the constitutive material prone to reach its ultimate limit, which is the tensile strength, while PVB does not exceed its elastic limit.
• The greater G PVB and the thinner PVB interlayer, the closer ex is to ex−m as well as the greater f gd Ј ; and vice versa. • The large difference in elastic moduli between glass and PVB might suggest that the interlayer would not be very effective in transmitting shear between the glass plates, as the unit deflects laterally under load. This research proves that, fortunately, the above spontaneous observation is not valid, and consequently that the LG units cannot be analyzed by considering the layered equivalency model, even if ␤ is high and G PVB is low. • More specifically with respect to the above point, even under long-duration loading ͑Ͼ60 s͒, high ambient temperatures ͑apart from the next point͒, and thick interlayer, ex−f appreciably surpasses the actual stress ex . This result partially contradicts some statements appearing in the technical literature.
• The condition of freely sliding glass plates ͑i.e., ex−f ͒ can be approached only for temperature reachable during fire exposure, or at least during a very prolonged sun irradiation.
• By appropriately designing the thicknesses of the LG, the strength of the LG beam can be boosted up to 70-80%. Conversely, a greater enhancement is hardly obtainable ͑except starting from a really unsatisfactory design͒.
• Historically, it has been assumed that the strength of LG is equal to 60% of the strength of monolithic glass of equivalent thickness. This research proves that such a simplified relationship may be sufficiently preservative, although it does not represent a lower bound ͑it may be lacked, but no more than moderately͒.
• The benefit of assuming the above relationship is a drastic simplification, but the cost may be a great underestimation of the actual load-bearing capacity.
• In recent years, research funded by PVB manufacturers has redefined the historic LG strength relationship such that the type factor has been increased to 75% in most building codes throughout Europe and the United States.
• This research proves that such a simplified relationship is not preservative, and the implementation of such a relationship could lead to unconservative design of LG beam, whereas in several cases, it leads to an over thickness.
• Some PVB researchers recommend that the structural behavior of LG is equivalent to that of monolithic glass; therefore, a LG type factor of 1.0 can be adopted. Implementation of this monolithic equivalency assumption would allow one-to-one replacement of existing monolithic glass with LG without altering existing framing details.
• This research has proved that the actual behavior of LG beam may range from 50 to 100% of the well-bonded plates of glass plus pieces of polymer. Thus, LG beams may behave far from monolithic. So, the monolithic equivalency model is dangerous, and it cannot be assumed for design purpose, since its implementation would result in unsafe design and use of LG, which often would lead to failure of the LG at the design load.
Conclusions
The actual behavior of LG has to be determined between ͑1͒ freely sliding plates of glass ͑layered equivalency model, in which the two plates of glass act together, but are not connected͒; and ͑2͒ well-bonded plates of glass plus pieces of polymer ͑monolithic equivalency model, in which LG units are replaced by a monolithic glass plate having the same nominal thickness as the LG units͒. This research has proved that the range of possible behaviors into which architectural glazing applications may fallalthough usually narrower than the above range-is, however, too wide for a priori estimation. The basic quality of a glass structure is transparency and translucency, whose maximization requires the minimization of the thickness. The design should hence be based on a theoretical model involving a multilayered composite system that allows displacements in the shear flexible interlayer, whereas an a priori type factor either penalizes severely the thicknesses or results in unsafe design and use of LG. Nevertheless, modeling LG used for primarily structures presents several challenges, since glass-PVB laminates respond in a complex manner due to the large mismatch in stiffness, strength, and thickness of glass and polymer, the additional stiffening and strength effects of the polymer, effects of interface, and polymer viscoelasticity, including temperature and loading rate. The present research provides the designer who is considering the use of LG in structural applications with a model to both predict the load-induced response and assist in addressing the response of LG beams by adjusting the design parameters. The analytical model developed in this research provides closed-form functions that, without any restrictions from simplifying assumptions, evaluates stress in LG beam and predicts failure load. The author has demonstrated the efficacy of the approach by using it to model some experiments.
This model differs from that appearing in previous technical literature in that the contribution to the bending capacity provided by the PVB interlayer transferring the horizontal shear force between the glass plies is analytically computed, i.e., no type factor has to be beforehand known but only the elastic parameters of PVB.
The presentation is designed to reveal the relative simplicity of the various algorithms and provide analytical relationships between structural behavior and design parameters, so as the approach will serve also as a design tool. This feature is deemed relevant for the prompt dissemination of the theoretical developments into practice.
Products available in the architectural glass marketplace were analyzed by the model. Wide-ranging analysis has established the certainty of which are the factors affecting the structural behavior of architectural LG, as well as their specific influence.
One of the findings of the research is to demonstrate the incorrectness of three statements that frequently appear in the literature. Architectural LG may behave in a manner similar to monolithic glass of the same nominal thickness: ͑1͒ neither under short-term lateral pressure at and below room temperature; ͑2͒ nor under long-term lateral pressure ͑representative of snow loads͒ at temperature of 0°C; and ͑3͒ around 50°C and even under longterm lateral pressure, the LG behavior may not significantly change toward the layered units.
G PVB ϭ modulus of elasticity in shear of PVB; L ϭ span of the LG beam; M t ϭ individual bending moment in the glass ply ͑layer flexural action͒; M t0 ϭ layer bending action at the lower bound ͑condition of freely sliding plates͒; N t ϭ individual axial force in the glass ply ͑layer axial force͒; p ϭ uniformly distributed pressure per unit surface acting on the beam ͓F ϫ L −2 ͔; Q ϭ constant ͑with respect to x͒ of the solving differential equation; q ϭ uniformly distributed load per unit length acting on the beam ͓F ϫ L −1 ͔; q f ϭ q ud obtained from the layered equivalency model ͑lower bound͒; q m ϭ q ud obtained from the monolithic equivalency model ͑upper bound͒; q ud ϭ ultimate load of the LG beam; R ϭ constant ͑with respect to x͒ of the solving differential equation; t ϭ thickness of the glass ply; V ϭ total shear action in the LG beam at the abscissa x; V t ϭ individual shear action in the glass ply ͑layer shear action͒; ␤ ϭ thickness of the PVB interlayer; ␥ PVB ϭ shearing strain in the PVB;
␥ pd ϭ design value of the elastic limit of ␥ PVB ; in ϭ strain at the upper edge of the bottom glass ply; in−M ϭ component of in due to the solely bending moment; in−N ϭ component of in due to the solely axial force; ϭ horizontal displacement of the upper edge of the bottom glass ply with respect to the LG beam axis; ex ϭ stress at the lower edge of the bottom glass ply; ex−f ϭ ex from the layered equivalency model; ex−m ϭ ex from the monolithic equivalency model; ϭ shearing stress in the PVB; and i ϭ horizontal shearing stress at glass-PVB interface ͑interface shearing stress͒.
